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COUPLING FINITE ELEMENT AND SPECTRAL METHODS:
FIRST RESULTS

CHRISTINE BERNARDI, NAIMA DEBIT, AND YVON MADAY

ABSTRACT. A Poisson equation on a rectangular domain is solved by coupling
two methods: the domain is divided in two squares; a finite element approxi-
mation is used on the first square and a spectral discretization is used on the
second. Two kinds of matching conditions on the interface are presented and
compared; in both cases, error estimates are proved.

1. INTRODUCTION

To approximate the solutions of partial differential equations, a number of
methods can be successfully applied: among them, spectral-type methods, in
which the discrete solution is a polynomial of high degree, are known to be very
accurate when the solution to be approximated is very smooth (see [16, 8] for a
general description of these methods). Their main drawback lies in the difficulty
to take into account the singularities of the function to be approximated, and
also in the difficulty in handling domains with a complicated boundary. This
last problem is usually solved by decomposition into subdomains and/or trans-
formation of coordinates. On the other hand, the finite element method, where
the discrete solution, restricted to very small domains called “elements”, is a
polynomial of low degree, is well suited to problems with complex geometries,
but its accuracy is limited by the degree of the polynomials (general properties
of finite elements are analyzed in [11]). Several attempts have been made to
combine the two methods into a unified framework, and thereby obtaining the
advantages of both. The main idea on which these attempts rely consists of
a decomposition of the domain into (rather) small subdomains so as to fit the
geometric complexity of the boundary, and then use high-degree polynomials on
each subdomain to approximate the solution. Two different approaches have
been proposed: the spectral element method and the p-version of the finite
element method. The spectral element method [25], which consists of using
a spectral algorithm on a fixed number of subdomains, is presently developed
for a growing number of problems (see, for instance, [15, 19, and 23]); on
the opposite side, the so-called p-version of the finite element method, where
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the discrete functions are polynomials of fixed high degree on each element, is
studied by several authors ([1, 29, 32] for instance). These methods are funda-
mentally different, first by their origin (the spectral element method is derived
from the spectral method and the p-version from the finite element method)
but also-—and mainly—Dbecause the bases and quadrature formulas required by
the numerical discretization of the methods are completely different. In the
spectral element method, the subdomains have to be curved parallelepipeds;
this leads to the use of tensorial bases, so that consistent quadrature rules can
be employed to compute the different integrals of the problem. This is not in
general the case for the p-version, and the resulting numerical problems are
completely different, even in the number of operations required (in two dimen-
sions, for instance, and for n degrees of freedom, the number of operations for
solving a second-order partial differential equation is & (n3/ 2 ) per subdomain in

the spectral element context, and & (nz) per subdomain in the p-version). The
two methods present the same asymptotic behavior but the operations count
for the resolution of the resulting discrete equations is different.

The idea of this paper is very different: as previously presented by K. Z.
Korczak and A. T. Patera [19], it consists of dividing the domain where the
problem must be solved in two parts; then, the problem will be approximated by
a finite element method on the first part and by a spectral method on the second.
Consequently, the discrete space will consist of functions which are piecewise
polynomial on one part and the restriction of a high-degree polynomial on the
other, and which satisfy a matching condition on the interface. Here, we present
and compare two kinds of matching conditions: the first kind is a pointwise one,
i.e., we require the functions to be continuous at the nodes of the finite elements
on the interface; the second kind is an integral one, where we require the trace of
the finite element function on the interface to be the Lz-projection of the trace
of the polynomial onto the finite element space. Of course, both algorithms will
be nonconforming in the general case, since it is impossible to match a high-
degree polynomial and a piecewise polynomial function on the interface in a
continuous way. However, in a finite element context, nonconforming methods
have proved themselves to be as efficient as conforming ones (see for instance
[12] or [28]). Moreover, numerical experiments [14, 19] already justify interest
in the coupling technique, which turns out to be easy to implement and very
flexible to fit both the problem and the domain.

In this paper, we analyze the coupling method on a test problem and in a
model domain. The latter is simply the rectangle Q = (-1, 1) x (0, 1), which
is divided in two parts, Q” = (=1, 0) x (0, 1) and Q" = (0, 1) x (0, 1); we
denote by y the interface {0} x (0, 1) and by n the unit vector orthogonal to
y and directed from Q~ to Q" (see Figure 1.1). For a given function f on
Q, we want to approximate the following Poisson problem: Find a function u
on Q such that

(1.1) -Au=f inQ, u=0 ondQ.

An outline of the paper is as follows. In §2 we introduce the discrete spaces
and state the discrete problems. Sections 3 and 4 are devoted respectively to
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FIGURE 1.1. Decomposition of the domain.

the analysis of the consistency error and of the approximation error. The final
error estimates, together with concluding remarks, are given in §5.
The main results of this paper were first presented in [5].

Notation. Let A denote any open interval of the real line or any domain in R’
with a polygonal boundary. For any real number s, we consider the classical
Hilbert Sobolev spaces H'(A), provided with the usual norm ||- [l a>and also,
when s is an integer, with the seminorm |- [  ,. For any real number s > 0
and any p, 1 < p < 400, p # 2, we also use the Sobolev spaces W*'*(A),
which are no longer Hilbert spaces, provided with the norm || || ».a - Finally,
for any real number s > 0, H;(A) stands for the closure in H’(A) of the space
of infinitely differentiable functions with compact support in A.

Throughout this paper, with any function v defined on Q, we associate the
pair v* = (v~ ,v"), where v~ (resp. v") denotes the restriction of v to Q~
(resp. Q7). The scalar product on L*(Q7) x L*(Q*),

(1.2) w v =/_ u_(x)v_(x)dx+/+u+(x)v+(x)dx,

coincides with the usual one on LZ(Q) . We also provide the product H' (Q7)x
H'(Q") with the norm

(1.3) o7 = 1", 0") + (Vo™ Vo)1

the space of pairs v* in H l(Q—) x H l(Q“L) with v continuous through y is
isomorphic to H'(Q). Finally, we define on H'(Q7) x H'(Q") the bilinear
form

(1.4) a(u

*

,vY) = (V' Vot) vt v e [H(Q) x H'(QDF.
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Clearly, for any function f in LZ(Q) , problem (1.1) is equivalent to the fol-
lowing one: Find u in H(;(Q) such that

(1.5) a( v ) =(f",v") YveH,(Q).
This variational form is precisely the one which will be used in order to define
the discrete problems. ,

In all that follows, ¢, ¢, ¢", ... are generic positive constants independent
of the discretization parameters.

2. THE DISCRETE SPACES AND PROBLEMS

2.1. Definition of the discrete spaces. =~ We have to define a discrete space on
each subdomain Q~ and Q" , and then we must make precise the matching
conditions on the interface.

Let & be a real parameter, 0 < & < 1, which will tend to 0. With each
value of &, we associate a triangulation ‘7;: of the domain Q , i.e., a finite
set of triangles such that the intersection of two triangles is either empty, or a
vertex, or an edge, and such that (cf. Figure 2.1)

(2.1) Q = k;

Keg,
h is the upper bound of the diameters of the triangles of .7, . We denote by 4,
the diameter of any triangle K in J) , and by p, the diameter of the inscribed
circle in K . Next, we assume that the family (7)), is regular in the following
sense (cf. [11, §3.1] or [3, Definition 3.1]): there exists a constant 7 > 0 such
that, for any # and for any K in ), the following inequality holds:

(2.2) Py > Thy.

Let k be a fixed integer > 1. For any closed subset 4 of R (resp. Rz) , We
denote by P, (A) the set of the restrictions to 4 of polynomials of one variable
(resp. two variables) with total degree < k. With any triangulation 9, , we
have the associated finite-dimensional space X, defined by

(23) X, ={v,€Z"(Q7);VK €T, v, € P(K) and v, =0 0n 9Q™ \ 7}.
We also need the finite-dimensional trace space

(2.4) X, = {vhly’ v, €X,}.

In order to build an appropriate basis of X, and x,, we consider each triangle
K as the support of a Lagrange finite element (K, P (K), E;), where Z is the
set of all points in K with barycentric coordinates i/k, j/k,and (k—i—j)/k,

0<i,j<k, i+ j<k;itis well known [11, Theorem 2.2.1] that this set of
points is P, (K)-unisolvent. Next, we set

(2.5) g,= U
Keg,
and also

(2.6) & ={a€g, Ny}
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With each point a in £, N (" Uy), we associate the unique function g, of
X, which is equal to 1 in a and vanishes at any other point of Z,. Then the
set {g,,a€E,N(Q Uy)} is a basis of the space X, and the set {q,,a€,}
is a basis of the space x, .

Next, let N be an integer > 1, which will tend to +oo. For any integer
n >0, we denote by Q,(Q") the set of the restrictions to Q* of polynomials
of two variables with degree < n with respect to each variable. For each integer
N, we consider the finite-dimensional space X, defined by

(2.7) Xy ={vy€Qy(Q);vy,=00n8Q"\7}.

Let (L,),cy be the family of Legendre polynomials on [0, 1], i.e., of orthog-
onal polynomials on [0, 1] such that L, , n € N, is of degree n and satisfies
L,(0) = 1. We recall that the set {L, ® L,,0 < m,n < N} is a basis of
(0] N(ST) . However, we shall also characterize the polynomials of X, by point-
wise values: let i 0 < j £ N, be the roots of the polynomial {(1—¢ )L;v(ﬁ ),

with 0={, <{, <---<{, =1; we set (cf. Figure 2.1)

(2.8) Ey ={(, ), 0< i, j< N},

and

(2.9) Ey=EyN7={(0,¢), 1<jSN-1}.
. - L

FIGURE 2.1. The triangulation 7, and the set Z,, .

Finally, with each value of & and N, we associate the discretization param-
eter 6 = (h, N '1). The pair u*, where u is the solution of problem (1.1),
will be approximated in a subspace of X, x X, consisting of all pairs which
satisfy a matching condition on the interface y. More precisely, we are going to
consider two kinds of matching conditions, with which we associate two kinds
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of discrete spaces, both denoted by Vs:
(1) pointwise matching condition: the space VJP is defined by

(2.10) V) = {v) = (v,,vy) € X, x X, ;Va€&,, v,(a) = vy(a)};
(2) integral matching condition: the space V(,I is defined by

1

V, = {v;=(vh,vN)eXhxXN;thexh,

(2.11)
/(vh —vy)(0, ¥)q,(y)dy = 0} .
Y

Here, we compare the two kinds of spaces; the integral matching condition will
turn out to be better.

Remark 2.1. We immediately note that both methods are nonconforming since
a function v, associated with a pair v; of V;, is generally discontinuous

through y and consequently does not belong to Ho1 (Q). Indeed, for N > k,
the function v; associated with the pair vg = (v,,, vy) in X, x X, belongs to
Hé (Q) if and only if its restriction to y is a polynomial of P, (7)N Hol(y) ; In
the particular case k = 1, this implies that both v, and v, vanish on y.

Remark 2.2. From a numerical point of view, to enforce the pointwise matching
condition, one has to interpolate polynomials of X, at every point of ¢, and
hence must store the values L (a), 0 < n < N, a€(,. On the other hand,
to enforce the integral matching condition, one needs to store the integrals
f,/Ln(y)qa(O, y)dy, 0<n <N, ae(,. Consequently, the costs of the two
methods are of the same order.

However, when k is equal to 1, for a given value of N, it is possible to
choose the triangulation 7, such that the sets £, and ¢, coincide. Then, since
the polynomials of X, are characterized by their values at the points of Z, ,
enforcing the pointwise matching condition would be less expensive. But this
would require very strong restrictions on the triangulation 7, ; in particular,
the parameters 4 and N would be linked by a relation of the type 4 > cN™".
Moreover, the triangulation could not be uniformly regular since it is well known
(see [30, Theorem 6.21.3]) that the {;, 1 < j < N—1, satisfy {; = sin’ 6, with
(2j —1Dn/4N < 6; < (j+ 1)n/2(N + 1); hence, the points of &, are not at all
equally distributed (they cluster near +1). That is why we do not recommend
such a choice.

2.2. The discrete problems. We are now in a position to define the discrete
problems. We recall (see [13, §2.7 or 18, Chapter 25]) that there exist positive
weights p ;> 0<j <N, such that the Gauss-Lobatto quadrature formula

1 N
(2.12) O()ds =Y ®(¢)p,
0 =0

is exact for all polynomials of degree <2N —1.
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With each point a = ({,, { j) in E, , we associate the weight Pa=P;P;- We
now introduce the following discrete bilinear form on LZ(Q_) X € 0(ST') :

(2.13) Z/ X~ (X)dx+ Y u'(ap’(a)p,,

Keg, a€sy

which coincides with the usual scalar product on LZ(Q_) XQy_, (Q"). Finally,
we define on H'(Q7) x #'(Q") the bilinear form

(2.14)  ay(u’,v") = (Vu', VuT), V', v e[H' Q) x & Q).

Then, for any pair f* givenin L? (Q)x¥ °(Q+) , for each kind of matching
condition, the discrete problem is the following: Find u;, with u; in Vy, such
that

(2.15) as(uz, v;) = (f",v;); Vs €V;.
Remark 2.3. Of course, in definition (2.13), one could, by using a quadrature
formula, replace each integral [, u~ (x)v™ (x)dx by its approximation. The

resulting algorithm will be thoroughly analyzed in [14].
We recall [9, Lemma 3.2] the property

1
(2.16) ZLN(C =(2+N~ 1)/0 L0’ d¢.

Since the quadrature formula (2.12) is exact for all polynomials of degree <
2N — 1, the discrete scalar product (-, -); is uniformly equivalent to (-, -) on

LZ(Q_) xQ N(Q+) . Consequently, the form a; satisfies the following properties
of continuity:

217)  ag”, o) < (o7 VT, vY) € [H(Q7) x Qu(QO)T,
and of ellipticity:
(2.18) a(u”, u") > (Vu', V') vu' e H(Q7) x 0, (Q7).

Now, since both 4Q™ NAQ and Q" NHQ have a positive measure, it follows

from the Poincaré-Friedrichs inequality that the seminorm v* — (Vo*, Vo*)"/?
is a norm equivalent to || -|| on the space

(w'eH Q) xH'(Q");v=00n0Q},
which yields in our particular case
(2.19) a;(u', ) > ol vt e H(QT) x ,(QY).
Thus we have proved the following result.

Proposition 2.4. For pointwise as well as integral matching conditions, problem
(2.15) has a unique solution u; with uy in Vj.

The purpose of what follows is to give an estimate for the error between the
solutions u and u; of problems (1.1) and (2.15), respectively. We begin with
a classical bound (see [11, Theorem 4.2.2]).
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Proposition 2.5. For pointwise as well as integral matching conditions, the solu-
tions u and ug of problems (1.1) and (2.15) satisfy

* * . * * * *
Ju —uJIISc{Uzan{IIu — sl + sup [a(vs, w;) — a(v; , wy)]/|lws |}
L) Ws €¥s

(2.20) + ws‘;‘lolee/‘,[(f , Ws) — f, Wy )5]/”“’5 I
+  sup /(3u/<9n)(0, y)(wy —w,)(0, y)dY/II’w;II} :
ws =(wy , wy)€V; Jy
Proof. Let v; be any element in V. Using (2.19), we have
* * 02 * * * *
cllus —vsll” < ag(us — vy, ug —vy)
= —a(vy, u; —vy) +a(vy, u; —vy)
—az(vy, uy —vy)+ (f, uy —vy);.
Next, it follows from (1.1) that, for any w* in H'(Q7) x H'(Q") such that
w vanishes on 0Q,

(¢t = [ feouwedx= - | @i @dx— [ @ueu x)dx

= a(u’, w')+ [ (@u/an)(0, y)w® - w )0, y)dy.
7
Setting w” = u; —v; = (w,, wy) and combining this result with the previous
inequality, we obtain
* * 2 * * * * * * * * * *
cllus —vsllI" < a(u” — vy, uz — ;) +az(vy , uy —vy) — ag(vy, uy — ;)
— (" uy—vg) + (7, uy —v5)g
+ [@ufom(©, y)wy - w,)0, »dy,
7
and (2.20) follows. O

We are now interested in deriving a bound for
(1) the consistency error term

s [ @u/om(©0, y)wy - w,)0, y)dy/uwj],
wy =(w, , wy)EV; Iy
(2) the approximation error term
inf [[u” —vg,
Us €¥s
since estimating the other terms in (2.20) is standard in spectral methods.
3. ANALYSIS OF THE CONSISTENCY ERROR
The aim of this section is to study the term
J@u/om©, y)wy - w,)0, »dy,

b
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for any pair w; = (w,, wy) in Vy, where u is a given function on Q which
we shall assume to be sufficiently smooth. The analysis involves only one-
dimensional approximation operators.

3.1. Pointwise matching. =~ We recall that there exists an interpolation operator
¢, from {v e %0(7); v(0) = v(1) = 0} into x, such that, for any function
v continuous on 7 and vanishing at 0 and 1, ¢,V is the only element of x,
which satisfies

(3.1) (4v)(a) =v(a) Vaeg,.

Moreover, there exists a constant ¢ such that, for any real number ¢, 0 < ¢ <

1/2, if the function v belongs to H 1 2+8(y) , the following interpolation error
estimate holds [4]:

. 1/2+
(3.2) v _‘hvllo,y < (c/Ve)h 8l|v||1/2+g,y‘
We are now in a position to prove the following result.

Proposition 3.1. For any function u in HOI(Q) n HZ(Q) , the following estimate
holds for any w; = (w, , wy) in VJP:

(3.3) /y(au/an)(o,y)(wN—w,,xo,y)dySch‘” | 10g(hN2)| ™ [, o llw]]-

Proof. Since u belongs to HZ(Q) , the trace du/dn belongs to H 1/ 2(y), hence
we have
||3u/3”||1/2,y <cllully - -

Next, we estimate

/ (0u/dn)(0, )(wy —w,)(0, y)dy < |9u/anly |w, — wyll, ,
7

< C”“”z,g—”wh - wN”O,y .

But, in view of the definition (2.10) of VJP , w,, isequal to /,w, on y, so that
by (3.2),

[@uion)0, y)(wy ~w,)0, ) dy < (¢ VR ul, -yl -
v

Applying the inverse inequality [9] gives
2,172
[@u/om(©, y)wy )0, ) dy < (€ WVON*R*Yul, oyl -
Y

Choosing ¢ = 1/|log(hAN 2 )|, we obtain the desired result. O

Remark 3.2. Of course, the estimate (3.3) is not what we want, since conver-
gence is obtained only if the discretization parameters are linked by the follow-
ing condition:

(3.4) lim [hl/z\/| log(th)li =0
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(in fact, in (3.3) and in this condition, /4 can be replaced by % which is the
greatest of the lengths of the edges of triangles K in .7, contained in 7).

Remark 3.3. The estimate (3.3) is independent of k ; indeed, we do not know
how to improve it for large values of k.

3.2. Integral matching. This case turns out to be simpler. We denote by «,
the orthogonal projection operator from Lz(y) onto x,. We have for any v
. 1
n HO (y) s

v —molly,, <llv—2vlly ;>

so that, for any v in Hol(y)nHl(y), 1<I<k+1,
i
(3.5) lv—myvlly , <ch|oll, ,-

By interpolation, this inequality also holds for any v in Hé(y) , 1/2<l< 1.
Finally, recalling that the interpolation space with index 1/2 between Hé(y)
and Lz(y) is Holéz(y) (see [20, Chapter 1, Theorem 11.7]) and denoting by
II - ”1/2* ., the norm of Holéz(y) , we also obtain for any v in Hééz(y) ,

1/2
(3.6) v =m0l < kol e -

Now, we prove the following.

Proposition 3.4. For any function u in H(; (Q)nN HZ(Q) such that the function
u~ belongs to HZ(Q_), where | is a real number, 2 <1 < k+5/2, the following
estimate holds for any w; = (w,, wy) in V; :

(3.7) / (0u/on)(0, y)(wy —w,)(0, y)dy < ch'™ |u” ], - Ihw]Il.

Proof. Let w; = (w,,, wy) be any element in Val; by the definition (2.11) of
VJI , w, coincides with 7, w, on y. We compute

/ (@u/dn)(0, y)(wy —w,)(0, y)dy
7
- / (0u/an)(0, y)(wy, — m,w,)(0, y)dy
v

- /y [(@u/0n) - 1,(@u/dm1(O, y)(wy — ,wy)(0, ¥)dy,
so that
/y (0u/an)(0, y)(wy —w,)(0, y)dy
< ll@u/on) — m,@u/am)ly llwy — mywylo .

We note that du/dn belongs to Hégz(y) nH ™ 2(y) and that, since w, van-
ishes on 9Q"\ 7, wy,, belongs to Holéz(y). Applying (3.5) or (3.6) to bound
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the first term, and (3.6) to bound the second, we obtain
1—
[@u/om(0, »wy - w0, ) dy < K oufonl_y, lwyls-
Y

(with [|0u/0n||,, , replaced by [0u/dnl|,),- , in the case [ = 2), and the
result follows. O

Remark 3.5. Clearly, the estimate (3.7) is much better than (3.3), since it is
independent of N . In fact, the term fy(au/c’)n)(O, y)(wy —w,)(0, y)dy goes
to 0 whenever the discretization parameter 4 decreases to 0.

4. ANALYSIS OF THE APPROXIMATION ERROR

We begin by recalling some properties of the approximation by finite element
functions and by polynomials in the two-dimensional case.
First, since for each K in 7 the set ;. is P, (K)-unisolvent, there exists

an interpolation operator %, from {v € %”O(Q_); v=0o0n 0Q \y} into X,
such that, for any function v continuous on Q~ and vanishing on Q" \ y,
S,V is the only element of X, which satisfies

(4.1) (Sv)@)=v(@) VacE N(Q Uy).

Moreover, if the function v belongs to H’(Q_) for a real number /, 2</<
k + 1, the following interpolation error estimate holds [11, Theorem 3.1.5]:

(4.2) lv—Fll, q- <ch' "ol -, m=0orl.

Next, we state the following result which can be derived in the same way as
in [22, Theorem 3.2].

Lemma 4.1. Let p be a real number > 1 such that p —1/2 is not an integer.
There exists a projection operator Hﬁ, from the space {v e H’(Q");v =0 on
Q" \ v} onto {vy € Qu(Q");vy =0 on Q" \ y} such that, if a function
v vanishing on dQ" \ y belongs to H°(Q") for a real number o > p, the
Jollowing error estimate holds:

(4.3) lv = TR, g SN lll, o O0<u<p.

We are now going to approximate a function u of H(; (Q), which is suffi-
ciently smooth, by a function v, with v; in V. We set

(4.4) v; = (Fu +q,, Thu'),

where g, will be chosen in X, so that v, satisfies the matching condition
under consideration.

4.1. Pointwise matching. = We immediately prove the following result.

Proposition 4.2. For any function u in HOI(Q) such that the pair u" belongs

to HI(Q_) x H°(Q"), where | and o are real numbers, 2 <1 <k + 1 and
o > 2, there exists a pair vg in VJP such that

* * |- — og—1 1—
(4.5) " — w3 | < clh ™ uT Nl g + (BT N, g}
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Proof. For any function z defined on Q*, denote by Z the function defined
on Q by
Z(x,y)=z(-x,y) Y(x,y)eQ .
Next, take 2 < p <inf{k + 1,0}, p—1/2 ¢ N, and choose v; as in (4.4)
with g, equal to -7 @ - vau+). Clearly, we have at any point a of ¢, ,
(S5 ) (@) +g,(a) = u” () - 7" (a) + (Tu")(a) = (") (a),
so that vg belongs to V;P . Moreover, we write
" = vl < llu™ = Fu" |l o- + lgylly o- +llu™ —TRu™|l, o
<lu™ = Al o +II(d=F) @ —TRu’), o
+2lu’ =Tt o
Finally, applying (4.2) and Lemma 4.1, we deduce
* * -1, - -1, =y 1—-
" w5l < e{h™ Nu" N - + BT @ = Tu" ||, o + N7, o)
-1, — —1,,p— 1—-
<c{h u I, o- + W'~ N’ a||u+||a,g+ +N a||u+||a,g+} .

Applying the convexity inequality af < of /p+ 8%/q (1/p+1/g=1,a>0,
B > 0) gives the proposition. O

4.2. Integral matching. As far as the approximation error is concerned, this
case is less simple. We are led to make an additional assumption on the family of
triangulations: more precisely, we suppose that there exists a positive constant
o such that, for any 4 and for any triangles K and K’ in &, such that the

lengths of K N¥ and of K' N7 are positive, the following inequality holds
(4.6) hy < oy

That means that the family of triangulations is uniformly regular over y. The
following result is proven in [7, Lemma 5.1].

Lemma 4.3. If assumption (4.6) is satisfied, there exists a lifting operator R,
from x, into X, such that the following estimate holds for any v, in x,:

(4.7) ”Rh”hlll,n— < C””h”uz*,y :

We recall that z, stands for the orthogonal projection operator from L’ (7)

onto x,. Our goal is to prove a stability result for this operator in the Hol({z-
norm.

Lemma 4.4. [fassumption (4.6) is satisfied, the following stability property holds
Jor any function v in Holgz(y):

(4.8) ””hvlll/z*,y < C”UHI/Z‘J :
Proof. First, let v be any function in Hol(y) . To bound ||z v]|, ,, we write

””h“”1,y < ”ih”||1,y+ |70 — ih””l,y :
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Since the family of the {K Ny, K € J,} is uniformly regular, denoting by h
the maximum of the lengths of KNy, K € 9, we can apply the standard
inverse inequality [11, Theorem 3.2.6], which gives

. ¥—1 .
lmpolly , < ligelly , +ch™ |l — il
. ¥ —1 .
< Iolly , + o =iyl , + ™" (v =illy, + v = =,0]l,.,) -
Using the estimate for the interpolation error [11, Theorem 3.15] together with
(3.5), we obtain
(4.9) ||7zhv||1’y§c||v||1’y.

Finally, by the definition of the space Hééz(y) , we interpolate this result with
the estimate

””h””o,y <l
with index 1/2 (cf. [20, Chapter 1, Theorem 5.1]) and we obtain the desired
result. O

Remark 4.5. Tt is known that the stability result (4.8) holds if a less restrictive
assumption than (4.6) is satisfied. However, the necessary condition for (4.7)
to be true is not clear.

Proposition 4.6. If assumption (4.6) is satisfied, for any function u in HOI(Q)
such that the pair u* belongs to HI(Q_) x H°(Q"), where | and o are real
numbers, 2 <1<k +1 and o > 2, there exists a pair v; in VJI such that

a,Q*} ’

Proof. We choose v as in (4.4) with p equal to 1 and ¢, equal to

hazh(l'l;\,uJr - Fu ).

+

(4.10) ”u — v} u

gc{h"lHu‘[[ +N'°
1,Q°

Then, we have
- 1+
Su +q,—-n Il u =0,
so that v; belongs to V(SI . Moreover, we estimate

* * - — 1 + -
i =il < -+ B ()]

1,9 1,9
+ ol
+Hu —HNu+
1,0
I -0+ P -20)
= LI Feh h™h h 1,0
+ 1+ + I+
+HRhnh(u _HNu) IQ_+”u —Iyu Lot

Lemmas 4.3 and 4.4 imply

+

uw—vi|| < lu - Fu +clllu” = FAu
5 (L h

- + 1+
S
/2%,y 1727,y

+ 1+
+Hu —Ilu H .
1,Q"
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Using the trace theorem, we obtain simply

* * - - + 1+
u —v“gc “u - S u “ +”u —I'Iu[[ .
” é h 1,0 N7 ot

Finally, using the estimates (4.2) and (4.3) gives the result. O

Remark 4.7. Here also, the error is better for the integral matching condition
than for the pointwise one. Indeed, in (4.10), the two discretization parameters
enter in a completely independent way.

5. FINAL ESTIMATES AND CONCLUSION

First, we recall an estimate which follows at once from a standard result in
spectral methods [10, Lemma 3.2; 24, (3.22)], in a slightly improved form due
to [6, Appendix B].

Lemma 5.1. For any function f in LZ(Q) such that the function (y — y2) fr

belongs to H?(Q"), where p is a real number > 1, the following estimate holds
for any wi = (w,, wy) in Vj:

* * * 1— 2
G0 (w) = w)s <eN N =), g lwgll ge -
Our main results are stated in the two following theorems.

Theorem 5.2. Assume that the solution u of problem (1.1) is such that the pair
u” belongs to HZ(Q_) x H°(QY), where o is a real number > 2. Assume
moreover that the function [ of LZ(Q) is such that the function (y — yz) YAl
belongs to H’(Q"), where p is a real number > 1. Then, in the case of the

pointwise matching condition, the solutions u and u; of problems (1.1) and
(2.15) satisfy

* * 12 - -1 1-
lu —u5||sC{h/\/|log<hN2>mu oo+ 0 N, o

" N"”||<y—y2>f*n,,,g+} .

Theorem 5.3. Assume that the solution u of problem (1.1) is such that the pair u”*
belongs to HI(Q‘) x H°(Q"), where | and o are real numbers, 2 <1<k +1
and o > 2. Assume moreover that assumption (4.6) is satisfied and that the
function f of L*(Q) is such that the function (y — y*)f* belongs to H*(Q"),
where p is a real number > 1. Then, in the case of the integral matching
condition, the solutions u and ug of problems (1.1) and (2.15) satisfy

* * -1, — 1- 1- 2
(5.3) |l —usl <cth " full, g-+N NNy qe + N N0 =¥, a0}
Proof. We set 6 = (h, (N — 1)_'). Of course, we apply Proposition 2.5 and,
in (2.20), we choose vg = (v,, vy) equal to the pair defined in Propositions
4.2 and 4.6, respectively, but with J replaced by é. Since vy belongs to

QN—I(Q+) and the quadrature formula (2.12) is exact for all polynomials of
degree < 2N — 1, this implies that, for any w; in Vg,

(5.2)

* * * *
a(vg , wy) = az(vy, wy).
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Then the estimates (5.2) and (5.3) follow from (2.20), Propositions 3.1 and 3.4,
respectively, Propositions 4.2 and 4.6, respectively, and Lemma 5.1. O

By a classical duality method, it is possible to derive an improved estimate
for |lu — u;|l, o in the case of the integral matching condition.

Proposition 5.4. Under the assumptions of Theorem 5.3, in the case of the integral
matching condition, the solutions u and ug of problems (1.1) and (2.15) satisfy

-1 -1 - 1— -1
lu—uglly o < c{h ™ (h+ N )u"ll, g- + N (h+ N )lu’ll, o

(5.4) - .
+N' 7N =) N, a0

Proof. We have

lu—uglly = sup / (u —ug)(x)g(x)dx/l|glly g -
geL} (@)Y Q

Let g be any function in LZ(Q). The unique solution w in H(: (Q) of the
problem

(5.5) -Aw=g inQ, w=0 ondQ,
satisfies
(5.6) ”wnz,g < c”g”o,g-

Setting u; = (u,, u,), we compute
/Q(u —u;)(x)g(x)dx =a(u’ —u;, w")+ /y(aw/c’)n)(O, )y —u,)0, y)dy.
Hence, for any w} in Vj, with § = (h, (N —1)""), we have
/Q(u —u)(x)g(x)dx = a(u’ —uy, w' —wy) +(f", wy) = (f, wy)s
+ [ @wiam(©, ¥y ~ 40, y)dy.
Choosing w; as defined in Proposition 4.6, and using Lemma 5.1, we obtain

[ =)0 dx
(5.7) <c{(h+ N = uzll+ N1 =y, o Hiwly g

+ / (9w/0n)(0, y)(ity — u,)(0, y)dy.
7
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It remains to estimate the last term in (5.7). We note that u,, is equal to
m,u, , SO that

/ (@w/dn)(0, y)(y — u,)(0, y) dy
Y
- / [(0w/an) — 7, (Bw/0m))(0, y)(uy — m,1,)(0, y) dy
Y

= /[(3“1/3")— m, (0w /0m))(0, y)[(u— m,u) - (id —7,)(u—uy)I0, y) dy
7
< |(@w/on) —m(dw/on)l, ,(lu—myully , +11Gd —m,)(u —uy)ll, ,)-

Using (3.5) and (3.6) yields

/ (w/dn)(0, y)(uy — u,)(0, y)dy
7

1/2 1—1/2 - 1/2
< ch'|ow/anl|, - ('™ )|, o- + 4"
/

" = uplly o)
which, together with (5.6) and (5.7), gives (5.4). O

The detailed analysis we have performed allows us to compare the two algo-
rithms, corresponding to different matching conditions. Indeed, whatever the
regularity of the exact solution is, we obtain better convergence results in the
case of the integral matching condition. Since we have already noted that the
computational cost of the two methods is of the same order, we believe that this
last algorithm has to be preferred. Numerical tests [14, 19] which are currently
being implemented are expected to confirm the theoretical results.

As already stated, in this paper we are only concerned with a model problem
on a model domain. However, in this very simple example, it turns out that the
order of accuracy in the finite element domain is simultaneously restricted by the
degree of polynomials and by the regularity of the solution, while in the spectral
domain it is only limited by the regularity of the solution. That is why we
believe that, in more general elliptic problems (for instance the Stokes or Navier-
Stokes equations), the finite element domain must be chosen in such a way that
it contains a neighborhood of both the singularities of the solution and the
singularities of the boundary of the domain (for instance, corners of polygons,
which induce singularities of the solution even if the right-hand member is very
smooth). Then, local refinements of the mesh can be applied to improve the
convergence, in a much simpler way than for the p-version of finite elements.
These techniques are presently being developed in [14]. It is important to note
here that the balance between the finite element subdomain and the spectral
element subdomain is much more easy to handle than a local refinement in
the so-called & — p version of finite elements. The matching between the two
domains is indeed less stringent in the present method than in the #—p version,
where the intersection of two different domains is either a whole edge, or a
vertex, or empty.

We conclude this paper by giving an example of a domain with a less trivial
boundary, and by explaining how to choose the parameters in this case.
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Example. Let Q be a polygonal domain with vertices a,, 1 < i < K. For
1 <i < K, we denote by w, the measure of the interior angle at a, and by
d;(A) the distance of any closed set A in Q to a,. The domain Q" is chosen
as a large rectangle contained in Q, such that Q does not contain any vertex
a,, 1 <i<Kj;then Q is defined as Q\ Q" (cf. Figure 5.1).

FIGURE 5.1. An example of a domain with a less triv-
ial boundary.

In the domain Q, we solve the problem (1.1). It is known (see [17, Theorem
5.1.3.5] or [27, Theorem 1]) that, if f belongs to H"(Q) for a real number
m > 0, the solution u satisfies:

(1) The function u~ belongs to the space

WAQ)={v: Q —R; / @ vjax 0y )} p(x)dx < +00, 0 < j+k < 2},
Q— .

where p(x) is a positive bounded weight equivalent to dl.(x)z‘" in a neighbor-
hood of a;, 1 <i< K, with

{ai=0 ifw,<m,
a,>1-rnjw, fw,>nr;
moreover, one has

1/2
(Z /Q _(a"*"v/ax’ay"fp(x)dx) <clflly q-

0<j+k<2

(2) The function u* belongs to the space H™*(Q"), and one has
. ~ —m—1
12,0 < (0 4, @77 ) £l 0

Next, we consider a regular family of triangulations (7;), of Q™ such that,
forany w; > n, 1 <i <K, the diameter of each triangle containing the vertex
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a, is bounded by ch'/"=*) and the diameter of each triangle K contained in a
fixed neighborhood of a; is bounded by ch d,(K) ; a way of constructing such a
triangulation was first described in [27]. The finite element functions are chosen
to be piecewise linear continuous functions (i.e., k is equal to 1). Using [27,
Theorem 2] together with Theorem 5.3, we see that the discrete solution u; of
problem (2.15) satisfies the error estimate

" = uzll < (/) {h +NT"! <1Snl;stdf/‘"'*'”“> + N"”} .

Of course, in a practical computation, the parameters will be chosen so as to
make the three error terms 4, N~ '(inf, .. d’*~"='y, and N™™ of the
same order. For instance, assume that m is equal to 3, that the d; are equal to
2.107" , and that the constants are bounded by 10; in order to obtain a precision
of 1072, we choose h equal to 107> and N equal to 23 ~ (103/4) (5778,
which requires &( 106) operations in the finite element domain and &' (1.2x 104)
in the spectral domain; in order to obtain a precision of 10~3, we choose
h equal to 107 and N equal to 41 ~ 10-(5”/%), which requires #(10%)
operations in the finite element domain and &(7 x 104) in the spectral domain.
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